In this study, we consider a scenario in which the government resorts to an income and inflation tax to finance its expenditures in the money-in-theproduction-function model. We show that a financing shift from the inflation tax to the income tax increases the real money holdings-to-capital ratio because the accumulation of capital is less favorable than holding money. We also find that a country's economic growth rate is maximized if all government expenditures are financed through an income tax. For welfare maximization, the government should set the income tax rate higher than the growth maximizing tax rate and reimburse the excess revenue using money contraction.
Introduction
Since the pioneering work on the endogenous growth theory by scholars, such as Romer [1] and Lucas [2] , the effect of taxation on economic growth has been one of the most carefully examined topics in the field of economics (for example, Rebelo [3] and Jones et al. [4] ). Recently, the related topic of the effect of different government expenditure financing on economic growth and welfare has been examined extensively in the literature, including Grinols and Turnovsky [5] , Turnovsky [6] , Palivos and Yip [7] , Pecorino [8] , and Gokan [9] . These papers have considered the mix of tax, bond, and money financing to meet different government expenditures. Our paper considers the effect of government policy that involves resorting to income tax and money financing. Our study al- 1 The main findings of our model are as follows. First, we find that a financing shift from the inflation tax to the income tax increases the real money holdings-to-capital ratio because the policy change leads to a situation in which the accumulation of capital is less preferable than holding money. Second, if the government's purpose is to maximize the growth rate, it should make the level of money supply constant, that is, zero inflation tax and finance all expenditures by imposing an income tax. Furthermore, for welfare maximization, the government should set the income tax rate higher than the growth maximizing tax rate and reimburse the excess revenue using money contraction.
This result on welfare is inconsistent with the finding of Palivos and Yip [7] but consistent with the finding of Pecorino [8] . Palivos and Yip [7] showed that the inflation tax is always more favorable than the income tax on economic growth and welfare under the CIA constraint, whereas Pecorino [8] demonstrated that an interior optimal mixture of the inflation tax and income tax must exist under a transaction cost technology. Pecorino [8] concluded that this difference between the results comes from the responsiveness of the tax base, that is, real money balances. In the CIA model, the velocity of money is always constant but may vary under a transaction cost technology. In the MIP model, the velocity also undergoes a change because firms change the ratio of input in response to a policy change. Our result suggests that the optimal composition of government financing depends on how to incorporate money into the model. The remainder of this paper is organized as follows. Section 2 develops a MIP endogenous growth model. Section 3 compares the effect of the income tax and inflation tax on the growth rate. In Section 4, we discuss the effect of this policy 1 For the empirical evidence in support of the finding that money is an important factor in the production function, see Sinai and Stokes [17] , Simos [18] , Hasan and Mahmud [19] , and Saygili [20] .
A. Kaneko 
Model
We consider a closed economy that consists of firms, households, and the government. Furthermore, we assume that only one final good can be used for both consumption and investment.
Firms
Before undertaking our analysis, we first normalize the number of households and firms as being equal to capital and real money employed in a firm at time t. In addition to acquiring the factors of production, firms incur transaction costs in the commodity market in connection with bargaining, setting prices, and wholesale purchasing and selling of goods among firms. These costs increase with the growth in production by the firm, but are lessened when the firm has access to money. We use the function φ to represent the pecuniary transaction cost. Increased production by the firm is usually accompanied by an increase in the volume of transactions, which occasions an increased loss in real output. Therefore, the partial derivative of the function φ with respect to Ak is assumed to be positive. Greater firm access to money facilitates smoother transactions. Thus, the partial derivative of the function φ with respect to m is assumed to be negative. We also assume that the transaction cost function φ has constant returns to scale in Ak and m. 
A firm's profit is defined as its after-tax revenue minus the cost of leasing capital assets and borrowing money from households, which is represented by:
where ( ) r t is the rental rate of physical capital, ( ) R t is the rental rate of money or the cost of borrowing money from households, and
is the income tax. Considering that the representative firm maximizes profits, the first-order conditions for profit maximization are as follows:
2 Suen and Yip [14] used this specification to analyze the property of the balanced growth equilibrium and the relationship with the monetary expansion growth rate. Chen et al. [21] 
The firm compares the after-tax marginal product of each input to its rental rate,
Households
A representative household gains utility from its consumption. This representative household can earn revenue in two ways: from its savings or by lending money to firms. The household's nominal budget constraint is as follows: 
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where ( )
is the inflation rate of the commodity price ( ) p t and ( ) a t is the total real asset, that is, the sum of ( )
. The lifetime utility of the household is as follows:
where ρ is the rate of the time preference and 1 σ is the elasticity of substitution for the utility function. Throughout this paper, σ is assumed to be greater than 1.
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The household maximizes its lifetime utility (5) subject to its budget constraint (4). The Hamiltonian function associated with this problem is
r t a t R t t r t m t c t
is the costate variable. Thus, the necessary conditions for optimality are:
From these necessary conditions, we develop the following Euler equation and no-arbitrage condition:
Although the firms pay ( ) R t to the household for borrowing one unit of real 3 Ogaki and Reinhart [22] reported that σ was larger than 1 in the United States. 
In Appendix A, we illustrate that the transversality condition is satisfied at the BGP when σ is greater than 1.
Government
The government imposes an income tax and issues new money for non-negative nominal wasteful government consumption of ( ) ( ) p t G t . The government's nominal budget constraint then becomes:
where µ is the growth rate of nominal money. In real terms:
Dynamics
For ease of exposition, we suppress the time index and the dependence of ω with what follows. As the economy experiences long-run growth, we assume that the share of government expenditures to output is constant, g, such that g G y = . Using the production function in (1), the government budget condition (12) becomes:
Given a constant monetary growth rate µ , the money market equilibrium requires that m m µ π = −  . Using Equations (2), (3), and (10) to eliminate π , we have:
Introducing Equations (2), (3), (12), (14) , and the total asset constraint into (4), the market equilibrium condition for a commodity is indicated by:
From Equations (2) and (9), the growth rate of consumption can be rewritten as follows:
Defining c k and m k as χ (the consumption-to-capital ratio) and ω (the real money holdings-to-capital ratio), we have the following autonomous dynamic system from Equations (13), (14), (15) , and (16) 
Under the BGP equilibrium, the growth rate of consumption, capital, and real money balances is the same. In Appendix B, we illustrate that the BGP equilibrium is unique and determinate.
Income Tax and Money Financing
We then compare the effect of income tax and monetary financing on the BGP growth rate of the economy. At a BGP, 0. (17) and (18) results in:
, 
An asterisk over a variable represents a BGP. Because σ is greater than 1, the numerator in the right-hand side of (20) is clearly positive. The uniqueness condition of the BGP, (B-2), in Appendix B ensures that the denominator in the right-hand side of (20) is positive. Thus, an increase in the income tax results in an immediate corresponding increase in the value of * ω .
Lemma:
For a given level of government expenditures, a shift from money financing to income tax financing increases the real money holdings-to-capital ratio.
The intuition behind this result is simple: the government reduces money financing if it raises the income tax for a given share of government expenditures. Thus, with the accumulation of capital being less favorable than holding money, the real money holdings-to-capital ratio, * ω , increases.
We next turn to exploring the growth maximizing tax structure and get next proposition. 
From (13), the sign of y g τ − depends on the sign of µ and means that the growth maximization condition is 0 µ = . Thus, if the government's purpose is to maximize the growth rate, it should make the level of money supply constant and all expenditures are financed by imposing an income tax. ∎ Palivos and Yip [7] found that for any given government size, the growth rate in a CIA model is higher under money financing than income tax financing. One important difference between the CIA model and the MIP model is that when only consumption goods purchases are subject to liquidity constraints, the monetary policy is superneutral to economic growth in the CIA model. With each increase in the fraction of investment purchases subject to the CIA constraint, monetary policy has the effect of suppressing growth. However, the distortionary effect of monetary policy does not outweigh that of income tax financing. Alternatively, monetary policy is essentially non-neutral in the MIP model because a higher inflation rate induced by the high rate of monetary expansion increases the opportunity cost of holding money, which depresses real activity. The difference in the model specification results in the opposite outcome: money financing is preferable in the CIA model, whereas income tax financing is preferable in our model. Our result suggests that an optimal composition of government financing depends on the model specification.
Welfare Analysis
In this section, we investigate the effect of income tax and money financing on welfare. We will see that the optimal income tax rate for welfare is higher than the growth maximizing tax rate. As previously found, all government expenditures are financed by income tax at the maximized growth rate. Thus, the subsequent result indicates that it is optimal for the government to collect more income taxes than a given government expenditure and redistribute the excess revenue through money contraction.
Let us assume that a policy change takes place at time zero. Because the economy is always on the BGP, Equation (9) 
where ( ) 
Because there are no transitional dynamics in this model, the lifetime utility is governed by the level of initial consumption and the BGP growth rate.
From Equation (17) and (19):
is the level of physical capital at time zero. By substituting this equation into Equation (22), the level of welfare at the BGP can be rewritten as follows:
From (23), we can derive the next proposition.
Proposition 2:
A welfare maximizing mix of financing collects more income tax revenue than a given government expenditure and reimburses the excess revenue through This suggests that the optimal income tax rate is higher than the growth maximizing tax rate. At the growth maximizing tax rate (
, all government expenditures are financed only by income tax. In other words, the welfare maximizing mix of government financing is one that collects more income tax revenue than a given government expenditure and reimburses the excess revenue through monetary contraction. 4 The intuition behind this result is as follows. Despite growth maximization, firms still incur pecuniary transaction costs, which reduce their net production.
Thus, firm profits are better off reducing the cost of hiring money, that is, R, by contracting the money supply. Assuming that the government can balance its budget, contracting the money supply requires increasing the income tax rate. The proposition implies that the welfare loss incurred through an increase in income taxes is exceeded by the welfare gain through money contraction in our model.
Palivos and Yip [7] showed that money financing is always more favorable than the income tax on welfare under the CIA constraint, whereas Pecorino [8] demonstrated that an optimal mix of the inflation tax and income tax must exist under a transaction cost technology. Pecorino [8] concluded that this difference between the results comes from the responsiveness of the tax base (i.e., real money balances). In the CIA model, the velocity of money is always constant but may vary under a transaction cost technology. In the MIP model, the velocity-defined as y m in our model-changes because firms change the ratio of input in response to the policy change. Our result confirms that the inflation tax is not a better source than the income tax for expenditure financing when the velocity varies. 5 We next undertake a numerical simulation. For this analysis, we specify the production function in (1) as the following Cobb-Douglas form: We set the parameters as follows:
g =
, and ( )
The result is depicted in Figures 1-3 . Figure 1 shows the effect of a change in the income tax on a change in the growth rate, whereas Figure 2 and Figure 3 exhibit the effect of a change in the income tax on the growth rate and the utility level. As stated in Proposition 1, the growth rate is maximized at the level at which all government expenditures are paid only by taxes (in this example, 0.15
). For welfare maximization, the tax rate should be approximately 0.297. The monetary growth rate μ is calculated by (13) as −0.020. Figure 1 . Effect of a change in the income tax on the change in growth rate. Figure 2 . Effect of a change in the income tax on the growth rate. 6 It is not our purpose to replicate the real economy. We set these parameters to show that at the low (high) level of income taxes, increasing income taxes raises (lowers) the economic growth. Needless to say, these parameters satisfy sufficient conditions for uniqueness and stability of the equilibrium. 
Results
In this study, we examined the effects of different financing models in the MIP model. First, we find that the financing shift from the inflation tax to income tax increases the real money holdings-to-capital ratio for a given share of government expenditure. Second, we showed that income tax financing is favorable to economic growth, a result that contrasts with the findings of Palivos and Yip [7] , who adopted the CIA model. Furthermore, we derived a welfare maximizing policy and found that such a policy is one that collects more income tax revenue than a given government expenditure and reimbursement. In other words, the welfare maximizing tax rate is higher than the growth maximizing tax rate.
Conclusions
Many monetary models are available, including the MIU and CIA, but they differ in some of their policy implications. Our results suggest that the relative impact of alternative tax changes should be evaluated using the more integrated monetary model. We used an AK-type production function as the engine of growth, which helps us evaluate the effect of government policy in our model. However, it is a restrictive model. It is worth re-investigating our argument under a more general form of production function.
Several extensions of our study may be useful for future research. First, we used income tax financing to help evaluate the effects of different financing approaches. When examining the substitution between money and physical capital, a focus on capital tax may yield clearer results. Second, we can extend the model to a multi-sector model, according to which we can consider different levels of real money balances in different sectors with a different tax rate for each sector, as well as whether the overall tax burden would be important for growth and welfare. Such a model will also permit us to investigate not only the conse- 
